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NONLINEAR PARABOLIC EQUATIONS 



The aim of this work is studing the behavior of solutions of initial bound- 
ary problem for degenerated nonlinear parabolic equation of the second order, 
conditions of existence and non-existence in whole by time solutions, is establish. 

1. The exists and nonexists of solutions. Let's consider the equation 



2,J — 1 \ 



du 



dxi 



du 



+f{x,t,u). (1) 
oxi / 



In bounded domain f2 C R", n > 2 with nonsmooth boundary, namely the 
boundary 951 contains the conic points with mortar of the corner ui £ (0, tt). De- 
note by Ila.fc = {{x, t) : X ^ Q, a < t < b} , Ta,b = {{x, i) : x G dQ, a < t < b} , 

d f (x t uj 

Ha = IIq oo , Ta = Fa oo- Thc functions / (x, t, u) , ^ — are continuous by 

ou 

— df 
u uniformly in Ho x {u : |m| < M} at any M < oo, / {x, t, 0) = 0, — — = 0. 

Besides the function / is measurable on whole arguments and not decrease by 
u. Let's consider the Dirichlet boundary condition 

u = 0,xedn, (2) 

and the initial condition 

u\t=Q = fix), (3) 

in some domain Ilo^a, where ip (x) is a smooth function. Further we'll weak this 
condition. 

Solution of problem (1) — (3) cither exist in Ho or 

lim maxlu (x,t) \ — +0O, (4) 

at some T = const. 

Assuming that uj (x) is measurable non-negative function satisfying the con- 
ditions: Lu G Lijoc (fl) and for any r > and some fixed > 1 



J < oo, ess snpLu < c,r^<^'-'^ J u~^''^'-^Ux , (5) 




here Br — {x ^ D, : \x\ < r} . 

From condition (5) it follows that 



esssupuj (x) < cir "J ujdx, (6) 
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and oj € Ag i.e. 



J u)dx j i 



< cr 



,n9 



(7) 



Condition (6) — 6 is Makcnkhoupt's condition (see [3]). 

Besides, analogously to [1] we'll assume that ui G Di^,fi < 1 + p/n, i.e. 

for any S > h > 0, whore uj (Bg) = J uj (x) dx. 

Introduce the Sobole's weight space Wp,Wp^^ with finite norm 

i/p 



(8) 



H\ 



{\u\P + \Vu\P)dx 



The generalized solution of problem (1) — (3) in IIq we'll call the function 
u {x, t) e Wp ,_^ {^a,b), such that 



/ ^^dxdt+f2 J 



UJ (x) 



dxi 



p-2 



= J f {x, t, u) ip {x, t) dxdt 



du dtp 
dxi dxj 



dxdt = 



(9) 



where tp {x, t) is an arbitarary function from VKp (Ila.h) , V'lpa = 0, < a < 6 
are any numbers. 

Let's formulate some auxiliary result's from [3], [4]. For this we'll determine 

p— harmonic operator LpU = div ^|Vu|^ ^ \7uj , p > I. 

Lemma 1. ([1]). There exists positive eigenvalue of spectral problem for 
operator Lp that corresponds the positive in Cl eigenfunction. 
Lemma 2. ([2]). Let u,v € (O) ,u < v on 80, and 



j Lp{u)r}^idx< j Lp {'&)r]x^dx, 



for any rj e Wp (ft) with rj >0. Then u <'d on all domain O. 

Let Wo {x) > be an eigenfunction of spectral problem for the operator Lp 

corresponding A = Ai > 0, / uq{x) dx = 1. 

n 

Let's assume that the condition: 



Jioix)(^ 





du 


^ ^ du 


duo 


{ 


dxi 


dxi 


dxi 



p-2 



duo \ d (uqU)) 



dxi 



dxi 



dx>0 



(*) 
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be fulfilled. 

Theorem 1. Let f {x,t,u) > ao|w|'^~"^w at {x,t) G llo,u > 0, where 
a = const > l,ao = const > 0. There exists k = const > such that if 
u {x, 0) > 0, / w {x, 0) uq (x) dx > k, and condition (*) he fulfilled, then 

Q. 

lim ^max (w {x) uq (x) u {x, t)) = oo, 

where T = const > 0. 

Proof. Let's assume the opposite. Then u {x, t) is a solution of equation 
(1) in Ho and condition (2) on Tq be fulfilled. By means of lemma 2 u{x,t) > 
in Hq. Substituts in (8) \1/ = e~^uo {x)u){x) , b = a + e, a > 0, e > 0, 
where uq {x) > in O is eigenfunction of spectral problem for the operator Lp 
corresponding to eigenvalue Ai > 0. Such eigenvalue exists by virtue of lemma 
1. 

As a result we'll obtain 



J Lo (x) Uq (x) u{x,a + e)dx — J w {x) uq (x) u {x, a) dx 
.Q n 



+ 



1 f , . du ^ ^ du dip , , _i f X , , /,„N 

/ w[x) — — — — — — dxdt = e / uotjf (x,t,u) dxdt. (10) 

J OXi OXi OXj J 

Let's make same transformations. Let's add and substract to left hand (10) 

duQ ^ ^ duo dtp 



ijj {x) 



dxi 



dxi dx 



-dxdt, 



and taking into account that uq {x) the egenfunction of the operator Lp corre- 
sponds to Ai > and e vanich we'll obtain that at alH > 

^ J uo (x) uj {x) u {x, t) dx = — Ai j Uq {x) uj {x) u {x, t) dx+ j uquj {x) f {x, t, u) dx+L. 



Prom here denoting 



we have 



'{t) = J uo {x) u (x) u {x, t) dx, 
n 



g' {t) = Ai y ^0 {x) uj (x) u{x,t) dx + 1 + J u^wf {x, t, u) . 

Further, taking into account condition (A) and condition on / {x, t, u) we have 
g'{t)>—\i j uquj {x)u{x,t) dx + ao j uouj\u\'^ dx. (11) 
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So, from (10) we'll obtain 

g' it) > -Ai 



J Ljuuodx + ao y UQLJu'^dx. 



(12) 



By virtue unequality Holder we have 

l/a 



j uuQijjdx 
Kn ) 

In results 
If 



< 



cr-l/cr' 



Luuodx 



< Ci u'^uouidx. 



j' {t) > -Xig {t) + Cg" {t), C = const > 0. 



(13) 



5(0) >C2 



then from (13) we'll obtain lim o (t) = +oo. This means that 

lim max(u(x)uo(x)u(x,t)) = oo 

t^T-o n \ / \ T // 

Theorem is proved. 

So equation (1) hasn't solutions in satisfying the boundary condition (2) if 
u (x, 0) > isn't much small. Now we'll show that at small |it {x, 0)| solution of 
problem (1),(2) exists on whole domain XIq. 

Theorem 2. We'll assume that \f{x,t,u)\ < {C3 + df^) \uf , a > 1, 
m > 1. There exists S > such that if \(p(x)\ < S then solution of problem 
(1),(3) exists in Ho and \u {x,t)\ < C5e~"'*,a = const > not depend at n. 

Proof. Let H c Br, where Br = {x : \x\ < R}. Let 1? > in Br be 
eigenfunction corresponding to positive eigenvalue Ai of the boundary problem 



LpU + Au = 0, a; G O, u = 0, a; e 30,. 

Let's consider the function V {x,t) = e ■ e~-^i*/^ ■'d{x) . We have 

Vt -LpV-f {x, t, V) = ieAie-^i*/2 • (x) - 
- (c3 + 04^™) e'"e-^i*/2 • 1? > 0, (a;, t) e Ho 

and V > 0, {x,t) G To, 



(14) 



(15) 



if £ > is sufficiently small. Inequality (15) is understood in weak sense (see 
[4]). 

From (15) and lemma 2 follows that \u\ < V < CgC Ifi^)] < S = 

£inin??(.T). Let's determine the class of functions K consisting from g{x,t) 

continuous in n_oo,+oo equaling to zero at t < T and such that |5(a;,f)| < 
Ce"''*. K is a set of Banach space continuous in n_oo,+oo functions with norm 



sup 

n— 00 ,+00 



ge 



„ht\ 
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Let e (t) e C°° , e (t) = 0, t < T, e (t) = 1, t > T + 1. Let's determine the 
operator H on K puthing Hg = 6 (t) z, g G K, where z is a solution of hneazing 
problem. 

By virtue of above obtained estimation H transforms ii" in X if T is siii- 
ficiently big. The operator if is a fully continuous. This follows from the 
obtained estimation and theorem on Holderness of solutions of parabolic equa- 
tions in Il-a.a at any a ([4]). From Lere-Shauder theorem, consequense that the 
operator H has fixed point z. This shows the existence of solution. 

The theorem is proved. 

From theorem 2 it follows that if u {x, 0) > 0, \u (x, 0)| < 5, then the solution 
of problem (l)-(3) exists in Uq and possitive in IIq by virtue of lemma 2. 

Let's indicate the sufficient condition, at which all nonnegative solutions of 
problem (l)-(3) have "blow-up", i.e. 

lim ^max (w {x) uq {x) u {x, t)) = +oo, (16) 

where T = const > 0. 

Theorem 3. Let f{x,t,u) > Cqc^'^'^u'' at {x,t) gUq, u>0, a = const > 
1, Ai be positive eigenvalue of problem (14-)infl that corresponds to the possitive 
in fl eigenf unction. If u (x, 0) > 0, m (x, 0) ^ 0, where u (x, t) is solution of 
problem (l)-(3), then it holds (16). 

Proof. Similarly how it has been established by inequality (13) we'll obtain 

5'(i)>-Ai5 + C7e^^"V(t), (17) 

where 



g{t) = j UJ {x) Uq {x) u {x, t) dx. 



Let g{t) = ■0(i)e^i*. From (17) if follows that ip' > CsiIj" ■ Hence ijj (t) 
+00 at t — > T — 0. Thus g (t) tends so +oo at t T — 0. Consequently 
max (u) {x) Uq {x) u [x, t)) is also tends to infinity 

Theorem is proved. 

From theorem 3 we can obtain the following property of solutions of equation 

(1) 

Corollary: Let f{x,t,u) > Cse^^'^^u'^ and at (x,t) e Uq, u > where 
cr > 1. Then there isn't positive in IIq solutions of equation (1). 

2. The estimation of solutions. We'll obtain the estimations for solutions 
of problem (l)-(3) in case f{x,t,u) = in ternus to characterising on infinity 
of initial and weight functions, without a lower's condition on initial function. 

Assume, that ip {x) G Li (f2). Denote hy k = n{p — 1 — fi) + p,r > fixed 
number. Let's consider the following initial characteristics for u {x, t) and ip (x) 

fuj(B 

^r{t)= sup sup I -—^ • 

-re(0,t) p>r \ P / 
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p>r 



-fc/(p-2) 




l/(p-2) J 




pn/j, 








Bp 


u{x,Q)\\ 


r = M 


r ' 



u (x, t) dx, 



Let's rewrite the definition of generalized solution (9) in the following form: 



J u (a;, t) ip{x,t)dx + j J i —uipt + 



n 



du 



dxi 



p-2 



du dtp 



dxi dxj 



dxdt = 



ip (x) tp {x, 0) dx, y o<t<T. 



(18) 



Lemma 3: Assume that u (x,t) S Wp^^ (^a,b) is a generalized solution of prob- 
lem (l)-(3) is initial function ifi{x) G Cq^ Then the following estimation 
is true 



\uix,t)\<C,[p{t)] 



{n+p-n{iJ,-l))/ X 



afj, 1 n/\ 



u^dxdt 



{p-n{fi-l)) 



for W o < t < T, where j3 {t) = ^-"(^-2)/^ . (i) + ^-i^ 

X = n{2p-2-pii) 



(19) 



Proof: Let / (x, t) e (0, T : {Bp)) n Lp \Q, T : W (Bp) J , s, p > 1. 
Using the weigh multiplicate inequality from [3] , we obtain the inequality 



1 

j j \f{x,t)\''dxdt < 

B„ 



ip-n{n-l))/n 



< Cio ^ I ess sup / \ffdx 



n-ii 



^{Bp) 



p) \ 0<t<T 



LolVfl^dxdt, (20) 



Bp 



q = p+ — ip — n{/j — 1)) . Let p > 0, T > are fixed. Let's consider the sequence 
n 

Tk = T/2 - pk=p + p/2^+\ l}k = h (Pk + Pk+i) ,k = 0,l, •••• Denote 

by Bk = Bp^ , Bk = Bp, . n,, = Bk x (Tfc, T) , Hfc = x (T^+i, T) . 

Let ^k{x,t) be cutting function in life satisfying the conditions = 1, 

ix,t) e Hfe, |Va| < < % < 2'=+2 . T. 

ot 

Besides, let a > 0, a/c = a - a/2''+2, fc = 0, 1, 2, ... 
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Let's substitute ip{x,t) = {u ~ ak)^ ^ in integral identuty (18). Doing 
transformation, analogously [5] we'll obtain 



sup / vldx + II Lo |Vi?fc|^ dxdt < Cii2*'f /? {t) 1 1 ^Idxdt, (21 
rk+i<t<Tj J_J U 



where i?fe = (u - akf^'^-^^''' , s = {p-1). 

Estimating the right part (21) using (20) and doing some calculations we'll 
obtain 



dl^^dxdt < / / l^k+i^kl" dxdt < C\2 



P 



n-fi 



uj \ V'dk?^ dxdr + 



ivd^dxdr 



(p-n{^l-l))/n 



> I sup / -O'ldx 

Tk+i<t<Tj 



< 



< c 



n-fj. 
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[Pit)] 



l+ip-n{fl-l))/r, 



jj^k+idxdT 



l+ip-n{iJ.-l))/n 



(22) 



Further, we'll use the following estimation 

mesAk+i = mes{{x,t) G Uk+i/u{x,t) > a„+i} < k~P2~^''~^^^P jj dldxdr. 

(23) 

From (19) the Holder inequality and using estimation (22) we have 
j j ^l^^dxdT <\jj ^l+idxdT {mesAk+i)^-'/^ < 



s/q 



//■ 



(l + {p-n{^l-l)/n)■(s/q)) 



X \ J I €dxdT 
Hence, using [4] denoting 



(24) 



M = C 
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uj{Bp) 



(p-n(M-l))/A 



(/3(0) 



{n+p-n{iJ,-l))/n 



vPdxdr 
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we'll obtain that supu (a;, t) < M. 
Lemma 3 is proved. 

Denoter7(f)= sup r]r {t) = sup (x,t)|||^ . 
Te(o,t) -re(o,t) 

Lemma 4. Let's assume that u (x,t) e Wp ^ {^a.b) be generaUzcd solution 

of problem of (l)-(3), the initial function ip (x) G (fi) . Then the estimations 

t 

it) < Ci4 J r-"(^'-2)/^-^r 1 (r) dT + Ci5 [V , (25) 



V it) < Ci6 I M\ I + ( / r(^'-"(''-i)/f«)-i {ifr (r))^^-'/^' 7] (r) dT+ 



. y ^((p+l/p«)(p-n(^-l)-l)) (^))(p-2(p+l)/fc) ^ 



(26) 



are true. 

Proof. Let's estimate the following integrals 



1 l/(p-2) 



,(-n(p-2)/c<)(n+p-n(A.-l))/A.^(p-2)((n+p-n(A.-l))/A); 



(j,_„(^_l))/A 



vFdxdr 



< VPr (*)] 



(p-2)((n+p-n(/*-l))/A) 



V/4 B2p 



(p-n(/i-l))/A 



< Ci8¥'r (0 + {n it)) 



ip-n{ui))/c 



(27) 



n/a 



nn+p 



-(n+p-n(([i— 1))/A 



t t 

II 

\t/4 B2s 



\ 



u^dxdr 



< 



J 



< Ci9 {iPr (t)) 



(p-l)(p-n(^-l))/A 



+ {v{t)) 



(p-n(n-l))/\ 



< 



<C20Vr (t) + (r?(i))(^-"(''-^»/". 



(28) 



Now multiplying the both parts (19) on 



r,n+p 



l/(p-2) 



W", re (V4,t), Vt> 



and allowing for estimations (27), (28) we'll obtain estimation (25). 
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For getting estimation (26) we'll substitute in integral identity (18) ip {x, t) 
^i/Pyi-2/p^p_ We'll obtain 



j j ujT^'P ■\Vuf u-'^/P£,PdxdT < 



B2p 



t t 



<C21P"^ j j iOT^"'vF-^'^dxdT + C22 j j T^'''-^u'^^P-^^'''dxdT. (29) 
B2p S2p 

Let's estimate integral of the right in (29). We have 

t I 
j j ojT^'^vF-'^'^dxdT < w {B2p) j j T^/PvF-'^'PdxdT < 

B20 B20 



i 

X y^((p+i)/p«)b-»(/'-i))-i(<^^(t))(p-2)(p+i)/p^(^)rf^. (30) 


The second integral on the right in (29) we'll estimate by the following way 



S2„ 



t 





Now, let's substitute in integral identity (18) ^ {x,t) = {x) . Then we'll 
obtain 

t 

j u{x,t)dx< j ip{x)dx + C24P~^ J J uj\Vuf~'^ ^P-'^dxdT. (32) 

S2p B2p B2p 

Let's estimate the secong integral on the right in (32). We have 

J j Lo\Vu\^^~'^^ ^P-^'dxdT < j J LJT^/P ■I'^ufu-^/PedxdT X 

Bp \0 B2p / 



X yy uT-^p-^^/Pu^^p-^^^PdxdT\ . (33) 

Taking into account the second multiplies in (33) 



t 

U)T~ 



ip-^)/Pu^ip-^)/PdxdT < C25^^^ / / r'/P-'u^^P-'^PdxdT. (34) 



B2p B2p 

Now allowing for estimations (30), (31), (32) in (33) we'll obtain 

u \Vur' e-'dxdr < C25 ( ) X 



B- 



2p 



\0 

+ J ^(P-"(/^-l))/P«-V(P-2)/2(^)^(^)rf^(p-l)/pj X 

.(p-n(^-l))/pa-l (^^^ (^)(P-1)/P ^ _ (35) 





t 





Multiplying inequality (32) p-»/ip-^) p-n-i^/{p-2) (s^))1/(p-2) ^ ^g^^^g j^^, 
equality (35), then we'll obtain 

V{t) < C27\Ml+C2s (J T^(P+^yp-)(P-^(^-^)) (^,(T)(P-')(^+^)/Pj7(T)dr)j + 

t 



Lemma 4 is proved. 

Theorem 4. Let u{x,t) G VKp^^ (Ila.b) be generalized solution of problem 
(l)-(3) and |||<^|||^ < cx),r > be fixed. Then if relative u) {x) to conditions (4), 
(7) and 11 < 1 + p/n fulfiled, then 

\M\\r<C2,t''^''-''\ (36) 

|||u(x,f)|||, <C3oW(f-2), (37) 
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sup \u {x, t) I < Caiif ("+i)-"(''+i)/'=(f-2)p"+P . {Bp) . (38) 

Proof: The proof of theorem follows from lemma 4 usinf the method of 
paper [5]. Thus for obtaining estimations (37), (38) the estimations are at first 
obtained 

|||M(a;,t)|||^ < C32 |||<^|||^ , 
^nv\u{x,t)\<C^^\M\\['-''^''-^^^''' p^+P ■uj-^{Bp)t-^IK (39) 

Further, using these estimations we obtain estimations (37), (38) 

Corollary: Let in theorem 4 a; (x) = |x| , Q < 9 < p. Then conditions (4), 
(7) n = 1 + 6/n, are fulfilled and we have the following estimation 

\ (P-e)//3 

. p{p-e)/{p-i) .t-n/p^ 

p> 

Bp J 

(40) 

where I3 = n{p — 2)+p — 9. 

Note that estimation (39) is a exactly that proves to be true following class 
of exact solutions 



sup \u {x, t)\ < C34 supp-'^/^P-^) / ip{x)dx 



, „ _ 1/(P-1) / ui N (P-l)/(P-2) 

U0 {x, t) 



p-9)[p) [ty/^j J 

In case a = and considering Cauchy problem estimation (40) is coinsider 
with the result of paper [5] . 

Remark: Estimations of type (38) we can a;so obtain for sup \ Vu {x, t)\ 
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